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A Unified Capacity Analysis for Wireless Systems
With Joint Multiuser Scheduling and Antenna
Diversity in Nakagami Fading Channels
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Abstract—In this paper, we present a cross-layer analytical
framework to jointly investigate antenna diversity and multiuser
scheduling under the generalized Nakagami fading channels. We
derive a unified capacity formula for the multiuser scheduling
system with different multiple-input multiple-output antenna
schemes, including: 1) selective transmission/selective combining
(ST/SC); 2) maximum ratio transmission/maximum ratio com-
bining (MRT/MRC); 3) ST/MRC; and 4) space—time block codes
(STBC). Our analytical results lead to the following four observa-
tions regarding the interplay of multiuser scheduling and antenna
diversity. First, the higher the Nakagami fading parameter, the
lower the multiuser diversity gain for all the considered antenna
schemes. Second, from the standpoint of multiuser scheduling,
the multiple antennas with the ST/SC method can be viewed
as virtual users to amplify multiuser diversity order. Third, the
boosted array gain of the MRT/MRC scheme can compensate the
detrimental impact of the reduced amount of fading gain on mul-
tiuser scheduling, thereby resulting in greater capacity than the
ST/SC method. Last, employing the STBC scheme together with
multiuser diversity may cause capacity loss due to the reduced
amount of fading gain, but without the supplement of array gain.

Index Terms—Diversity methods, fading channels, multiple-
input multiple-output (MIMO) systems, scheduling.

I. INTRODUCTION

IVERSITY techniques are known as the effective means

to cope with fading in wireless channels. The fundamental
philosophy behind diversity techniques is to produce indepen-
dent replicas of the desired signal over fading channels so that
the receiver can utilize the multiple faded copies to restore the
original signal with higher reliability. For a long time, the con-
cept of diversity has been substantiated in various forms, such as
spatial diversity, temporal diversity and frequency diversity [1].
In point-to-point communication links, multiple antenna sys-
tems have been widely used to achieve spatial (antenna) diver-
sity. On the one hand, when multiple antennas are employed
at the receiver, selective combining (SC), or maximum ratio
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combining (MRC) schemes are usually used to provide antenna
diversity gain. On the other hand, with multiple antennas em-
ployed at the transmitter, techniques like selective transmission
(ST) and maximum ratio transmission (MRT) can be also used
to yield antenna diversity gain. Furthermore, joint transmit and
receive diversity schemes were also proposed to improve link
quality over the multiple-input multiple-output (MIMO) fading
channel, e.g., ST/MRC [2] and MRT/MRC [3], [4]. More re-
cently, the space—time block code (STBC) methods were in-
troduced to deliver antenna diversity gain without requiring the
prior channel knowledge at the transmitter [5], [6].

In point-to-multipoint communication systems, another type
of diversity, called the multiuser diversity, can be exploited to
improve spectral efficiency [7], [8]. This kind of diversity can
be explained as an analogy of the water-filling principle across
multiple users: higher system spectral efficiency can be attained
by pouring more resources to the user with better channel
quality. A proper scheduling algorithm is the key to extract the
multiuser diversity inherent in the multiuser system [9], [10],
[13]. Some current industrial standards, such as the IS-856 [11]
and the 3GPP R5 [12], have adopted scheduling techniques to
enhance spectral efficiency for delay-insensitive data services.

Generally speaking, scheduling is a media-access control
(MAC) layer technique to deliver multiuser diversity gain by
taking advantage of independent channel variations among
user population. By contrast, antenna diversity is a physical
layer approach to offer reliable transmissions with the major
goal of mitigating channel fading. In a multiuser system where
a channel-aware scheduling algorithm arranges transmissions
based on the link quality of multiple users, various antenna
diversity schemes may provide different effective link statistics
and ultimately may lead to distinct capacity results with the
effect of scheduling. Thus, the cross-layer interaction between
antenna diversity and multiuser scheduling has attracted a lot
of attention from the research community.

The literature survey with the joint effect of multiuser sched-
uling and antenna diversity is discussed as follows. For the mul-
tiple-input single-output (MISO) fading channel, the authors
in [13] proposed an opportunistic beamforming scheme to ap-
proach the capacity supported by the coherent MRT method by
exploiting multiuser diversity. In [14], a simulation study was
conducted to compare the network throughput achieved by the
ST and the STBC methods in the presence of scheduling. For
the single-input multiple-output (SIMO) fading channel, a semi-
analytical result in terms of spectral efficiency with L-order
receive MRC and K -order multiuser diversity was derived in
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[15]. Moreover, the authors in [16] evaluated the impact of mul-
tiuser scheduling on the STBC technique in terms of the cu-
mulative distribution function (CDF) of the effective receive
signal-to-noise ratio (SNR). Unlike [13]-[16] where specific an-
tenna diversity methods are considered, [17] and [18] adopted
an information theoretic approach to investigate the interplay
of antenna diversity and multiuser diversity. We note that most
of the previous works either assume a Rayleigh fading channel
[14]-[18] or consider only limited antenna diversity schemes
[13]-[16].

In this paper, we present a unified analytical framework to
investigate the capacity of wireless systems with joint antenna
diversity and multiuser scheduling in the generalized Nakagami
fading channel. We first derive a closed-form expression for
the system capacity integrating the performance improvements
contributed from three different domains: fading channel
characteristics, user population and multiple antenna systems.
Specifically, under the Nakagami fading channel, we derive the
capacity of a multiuser scheduling system with the following
four MIMO antenna schemes in the downlink scenario: 1) se-
lective transmission/selective combining (ST/SC), standing for
the ST and SC schemes being used at the transmitter and the re-
ceiver, respectively; 2) maximum ratio transmission/maximum
ratio combining (MRT/MRC); 3) selective transmission/max-
imum ratio combining (ST/MRC); and 4) space—time block
codes (STBC). We further express the unified capacity formula
in terms of three key parameters: array gain; amount of fading
gain; and selection order to provide insights into the interaction
of antenna diversity and multiuser scheduling. The values
of these parameters corresponding to all the studied antenna
schemes are also tabulated. Using the table together with an
asymptotic upper bound of system capacity, we offer a simple
and unified view on the tradeoff between complexity and
performance, which can be useful in implementing practical
antenna schemes on top of the multiuser scheduling system.

The rest of this paper is organized as follows. In Section II,
we describe the channel model and introduce two lemmas for
later use. In Section III, we derive a closed-form formula for
the capacity of the single-antenna system with multiuser sched-
uling. In Section IV, we extend the analysis by incorporating the
MIMO antenna system. In Section V, we suggest a set of param-
eter transformation to elaborate the joint effect of antenna diver-
sity and multiuser scheduling on system capacity. Section VI
presents numerical results. In Section VII, we provide our con-
cluding remarks.

II. CHANNEL MODEL

Fig. 1 shows a wireless system with a base station serving
K downlink users. To begin with, we first assume that the base
station and each user have only one single antenna. Let hj be
the channel gain between the base station and user k, and let
o2 be the thermal noise power. We assume that the base station
transmits at a fixed power level P; at all times without power
control. Thus, 7, = Pi|hx|?/02 denotes the received instan-
taneous SNR of user k. We assume that each link is subject to
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Fig. 1. Multiuser scheduling system with [V, antennas at the transmitter and
N, antennas at each receiver.

independent Nakagami fading with a common Nakagami fading
parameter n.! Then, the probability density function (PDF) of

the received SNR for user k is [1]
my
-, 0 1
p( Qk) ;> (H

=) Lo

= — ——ex
Py (Y Qk F(m)
where ), is the average received SNR, and I'(-) is the Gamma
function defined by

I'(m) = / - tmle=tdt. 2)
0

When m = 1, the Nakagami fading channel is identical to the
Rayleigh fading channel. For m > 1, a line-of-sight or a spec-
ular component exists. As m — oo, the Nakagami channel ap-
proaches the AWGN channel.

To ease notation, we denote X ~ G(«, ) as a Gamma dis-
tributed random variable with parameters « and 3. Then, the
PDF of X is given as [19]

B
I(e)
Furthermore, the cumulative distribution function (CDF) of X
can be expressed by

a—1

—Bz

e x> 0. 3)

px(z) =

Px(z) = I(ax, ) “)
where I'(-, -) is the incomplete Gamma function defined by
~ 1 [
T(a,z) = / t* tetdt. 5)
I'(a) Jo

Based on the above notation, the distribution of 4 in the
Nakagami fading channel model can be represented by
Vi ~ G(m, m/Q).

Next, we introduce two lemmas regarding the properties of
Gamma random variables, which will be used in Section I'V.

Lemma 1: Let X, Xs,..., Xk be independent Gamma
random variables with parameters o, and (3, respectively. Let
Y be the random variable given by Y = X; + - -+ Xk. Then
we have

K
YNQ(Z%mﬁ)- 6)
k=1

Proof: See [19]. O

'While different users may experience different levels of fading, the system
capacity obtained based on the assumption of a common Nakagami fading pa-
rameter can be approximately thought of as the result that averages out the cases
of different m, with a common representative value m.
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Lemma 2: Let X be a Gamma random variable with param-
eters o and (3. Let Y be the random variable given by Y = ¢ X,
¢ > 0. Then we have

Y~g<a7E>.
c

Proof: The proof is completed by using a simple variable
transformation fy-(y) = fx(y/c)/c ~ G(a, B/c). O

N

III. CAPACITY WITH MULTIUSER SCHEDULING

In this section, we derive the capacity expression for a mul-
tiuser scheduling system with the single-input single-output
(SISO) antenna. We assume that each user can track its channel
status via, say, a downlink common pilot and correctly feed
back to the base station without delay. In turn, similar to the
scheduling mechanism in the modern cellular standard IS-856
[11], the base station determines to service a target user in every
time slot with its full transmit power P;. Here, we assume that
the channel variation remains constant over one time slot, but
independently varies in different time slots.

A. Capacity Analysis
The scheduling policy considered in this paper is to select a
target user k* according to the following rule:2

®)

k* = arg max Tk

ko Yk

where v}, is the average SNR of user k£ measured over a past

window of length ¢.. Note that v}, is introduced in the denom-

inator to maintain the long-term fairness. Under the assump-

tion that all users have infinite data to send and . — oo, 7V

is equivalent to €2, approximately [20]. To focus on the impact

of small-scale channel fading on multiuser diversity gain, we

let ;. = € for all k in the remainder of the paper.? Then, the
scheduling rule in (8) is reduced to

k* = arg Max Y. ©)

Let f,...(a, 3, K) be the PDF of max(vi,...,7vx), where
{7%}E_, denotes a set of K independent and identically dis-
tributed (i.i.d.) Gamma variates with parameters « and 3. From
[27], we have

Frman (0 B, K) = Ko (7) [Py (1))

where p-(7) and P, (v) are defined in (3) and (4). Let £, (v)
be the conditional PDF of the received SNR, given that the con-
nection between the base station and user k* is established.
Clearly, according to (9), we have ff (v) = fy...(a, 3, K)
for the SISO case. Once the target user is determined, adaptive
modulation is applied to transmit as many information bits as

(10)

2The rule presented in this paper is slightly different from the proportional fair
scheduling introduced in [9] and [13]. If the data rate supported by the channel
is proportional to SNR, both criteria are the same.

3The analysis for the general {2}, is similar to the £2;, = {2 case, once one
uses the proportional fair principle [13] or normalization technique [34] for the
scheduling algorithm to compensate different £2,. due to users’ near—far loca-
tions.

471

possible. From [21], the link capacity between the base station
and the target user k£* then can be written as

Ol = / loga (1 +7) fo ().
J0

(11)

Note that the capacity expression in (11) is normalized to
the bandwidth, thereby having the unit of bits/seconds/Hertz
(b/s/Hz).

With link capacity, now we proceed to derive the system ca-
pacity. We define the system capacity as the sum of the link ca-
pacity delivered to each user on average. Let py« be the average
probability of user £* receiving services from the base station.
Then the system capacity is expressed by

K
o
Csys = E ClinkPk+ -
k*=1

(12)

Note that the scheduling policy in (9) is fair, in the sense that
each user can have equal probability (or time) to receive services
from the base station in the long run. Thus, we have pg+ = 1/K.
Furthermore, since the channel variations among multiple users
are assumed to be mutually independent, the system capacity in
(12) can be written as

| K

_ ok

Csys—} E Clink = Clink-
k*=1

13)

Equation (13) implies that system capacity is equal to the condi-
tional link capacity when a specific user is chosen from K users.
In other words, the capacity gain is achieved by providing the
system with multiuser diversity, i.e., more selections of indepen-
dent channel variations experienced by multiple users. Finally,
substituting (10) and (11) in (13) yields

_ Kp3%log,(e)
T T T

y /0 (1 4 ) [E( )]

When the parameter « is an integer value, (14) can be evalu-
ated in terms of finite series expansions by (15) at the bottom of
the next page (see Appendix A), where a” for 0 < i < k(a—1)
can be recursively calculated by

K-1

A re= My, (14)

k _ k _
ag =1, ay =k,

min(i, a—1)

k n(k+1)—i

n=1

for2 <i<k(a—1)

)
I

=~
—_

fori = k(a — 1) (16)

a; = ———,
(o= 1)
and F(-) is the exponential integral function of the first kind
defined as [22]

oo e—t
El(z):/ . (17)

As aresult, for integer values of Nakagami fading parameter m,
we have

Cuys = O (m, %K) . (18)
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Some special cases of (18) can be further derived as follows.

* For the Rayleigh fading case (m = 1) with K-fold multi-
user diversity, (18) is simplified to

Coys = K logz( )
o(k+1)/9
( ) E+1

k41
XZ E1<;;> (19)

It is noted that (19) has an equivalent mathematical ex-
pression with [26, eq. 44]. This implies that the multiuser
diversity in the multiuser SISO system is essentially anal-
ogous to the selection diversity in the single-user SIMO
system.

» For the single-user case K = 1, multiuser diversity gain
vanishes and (18) reduces to (20), shown at the bottom
of the page, which is identical to the link capacity of
the Nakagami fading channel with optimal rate control
[23], [24].

e Form = 1land K = 1, (18) is simply reduced to the
link capacity of the Rayleigh fading channel as shown in
[25], [26]

1
Csys = 10g2(6)61/QE1 (§> .

When m is not restricted to an integer, (14) can be also effi-
ciently computed with the help of the orthogonal Laguerre poly-
nomial as follows:

Cays K10g2 Zw, In (1 + ﬂ) [ (a, 21)} Kt 201

= C12 (Oé, /B ’ ) (22)
where w; and z; are the weights and zeros of the Laguerre poly-
nomial [22], and Ny, is the order of polynomial chosen to make
the approximation error negligibly small. Consequently, for the
general Nakagami-m fading environments, the capacity of the
multiuser scheduling system with K-fold multiuser diversity
can be expressed by

Cuys = Oy (m, %K)

With (18) or (23), we have established a closed-form capacity
expression with the contribution of K-fold multiuser diversity

21

(23)
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Fig.2. Impact of Nakagami-m channel fading on the capacity of the multiuser
scheduling system.

and the impact of Nakagami-m channel fading. Next, we give a
numerical example using (18).

B. A Numerical Example

Fig. 2 shows the impact of Nakagami fading on the capacity
of the multiuser scheduling system. The mean SNR is set to one,
i.e., 2 = 0 dB, in this example. The information capacity of the
additive white Gaussian noise (AWGN) channel with the same
mean SNR is also plotted for comparison. From this figure, one
can see that the capacity for K = 1 is always lower than that of
the AWGN channel. Moreover, a more scattering environment
with a smaller value of m yields lower capacity when K = 1.
However, the story becomes totally different when more than
one user resides in the system. One can find that in the presence
of multiuser diversity (K > 2), the capacity of the multiuser
scheduling system is the highest for the Rayleigh fading channel
(m = 1), and decreases as m increases. When m — o0, the

Klogz - 1 (k—l—l)@ k(ail) k a+i .
Coys = ——— 1 (@—1)! Z < )6 ‘ Z a; BT (a1 —1)!
k=0 =0
oti j ati—j—1 I4+1
(—1)oti=i [ 1 ]J B (ka1 (k41)8 . [ 1 }
3 B A 1
X;(OZ-H—J)' (k+1)p8 0o - ; UM e
2 Cy(a, B, K) (15)
m m j m—j m m—j—1 0 I+1
Cays = log, (e MR (=) — (-1 (—) (20)
o35 1 1y [, (2) 75 (2
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channel becomes the AWGN channel and no multiuser diver-
sity gain can be exploited any more. We note that Fig. 2 focuses
on the effect of small-scale channel fading on the capacity of
the multiuser scheduling system assuming equal mean SNR for
all users. Whether a more specular environment with a larger
value of m will simultaneously incur higher mean path gain or
higher mean SNR requires the knowledge of the correlation be-
tween mean path gain and m. It is beyond the scope of this paper
to study the composite effect of channel fading and propaga-
tion loss on the resulting capacity of the multiuser scheduling
system.

As shown in Fig. 2, a more scattering fading environment is
beneficial for the considered multiuser scheduling system, since
the larger channel variations enable the scheduler to arrange
transmissions at higher peaks of channel fading. On the other
hand, considering the possibly contradictory goal of stabilizing
the fading link for most antenna diversity techniques, one should
be careful in employing the antenna diversity schemes on top of
the multiuser scheduling system. In the next section, we will ex-
amine the capacity achieved in the multiuser scheduling system
with some practical MIMO antenna diversity schemes.

IV. CAPACITY WITH JOINT MULTIUSER SCHEDULING
AND ANTENNA DIVERSITY

In this section, we extend our analysis to incorporate some
practical MIMO antenna diversity schemes with multiuser
scheduling. To this end, /V; transmit antennas and N, receive
antennas are employed at the base station and each user, respec-
tively. We assume that the links between each pair of transmit
and receive antennas are subject to i.i.d. Nakagami fading. Then
the channel between the base station and user k can be modeled
by an N, x N; matrix Hy = [hg)], where each Pt|h§f)|2/o,%
is Gamma distributed as defined in (1). In the following, we
consider four antenna diversity schemes, including: 1) ST/SC;
2) MRT/MRC; 3) ST/MRC; and 4) STBCs. All four consid-
ered antenna schemes are capable of delivering full antenna
diversity order over the MIMO channels [1]-[3], [5]. For a fair
comparison, the total transmit power across all /NV; antennas is
constrained to the same level for all the antenna schemes.

A. ST/SC Scheme

Assume that orthogonal pilot signals transmit from NV; spa-
tially separated antennas at the base station. By monitoring the
pilot signals, each user can distinguish the link with the strongest
SNR from N; N, possible transmit and receive antenna pairs at
any time slot. Collecting feedback from all K users, the base sta-
tion can determine the target user and the associated transmit an-
tenna radiating the best link quality [1], [14]. Under this policy,
the scheduling rule can be mathematically expressed as
’?) |2'
J

k* = arg max arg max |h§ 24)
k ()]

Thus, we have £, (v) = f.....(a, 3, KN;N,) for the ST/SC

scheme, where f.  (-,-,-) is defined in (10). Comparing the

conditional PDF f{f;k('y) associated with the ST/SC scheme

and that of the SISO case, we obtain the system capacity with
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joint multiuser scheduling and the ST/SC antenna scheme in
Nakagami fading channels, as follows:
Cutoe = Cs (m, % KNtNT> . 25)
Expression (25) can be interpreted from two folds. On the
one hand, from a multiuser system point of view, the base sta-
tion can see total K N,. antennas at the receiving end, rather than
only N,.. The additional K (N, — 1) virtual antennas from other
users can be exploited to improve system capacity. On the other
hand, the multiple antennas in the ST/SC scheme can be viewed
as virtual users to increase the multiuser diversity order for the
considered scheduling algorithm. Thus, we can take a broader
view to define the selection order S as the size of a set with
S i.i.d. Gamma random variables, which are provided by the
multiple users and/or multiple antennas in the multiuser MIMO
system. Consequently, the capacity improvement achieved by
the ST/SC MIMO scheme with multiuser scheduling can be ex-
plained by the fact that the selection order is indeed increased
fromS = KtoS = KN;N,.

B. MRT/MRC Scheme

In [3], the authors proposed an MRT/MRC scheme to deliver
full antenna diversity over the MIMO channel, which was later
analyzed in [4] under the Rayleigh fading channel in more de-
tail. Given a known channel matrix, this method can maximize
the received SNR by applying the specific beamforming weight
w; at the transmitter and combining weight w,. at the receiver.
It was shown that by setting w, and w,. to be the principal right
and left singular vectors of the channel matrix, respectively, the
optimal received SNR can be attained with the effective output

SNR . = Pt)\max(HlHk)/aZ, where HI is the transpose
conjugate of Hy, and Apax (H; Hy) is the maximum eigenvalue

of Hin Based on the effective output SNR -y, the decision
rule for the scheduler is

k* = arg max )\max(HlHk). (26)

Note that the effective output SNR -y, is a random variable de-
pending on different realizations of the random channel matrix.

Recently, the exact distribution of /\max(HlHk) for Rayleigh
channels is given by [4]

VRS B PP
IVED DN DI

1 j=N{—N,

N, (N:+N,)i—2i?
(27)

i

where d;; is the associated coefficient determined by different
combinations of N; and N,.. As one can see from (27), it is not
easy to derive the conditional PDF f}  (v) directly based on
(27). However, for generalized Nakagami fading channels, we
can use the following inequality [28]:

H,||2
IBlle < ) < g
to obtain the lower and the upper bound of system capacity.
Note that in (28), N = min(/NV¢, N,.) denotes the minimum
number of V; and N,., and ||Hg|| r is the Frobenius matrix norm

(28)
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TABLE 1
CAPACITY OF THE MULTIUSER SCHEDULING SYSTEM WITH DIFFERENT ANTENNA DIVERSITY SCHEMES
MIMO System Array AF Selection
antennaschemes capacity gain (a) gain (f) order (5)
m - -~
Cuiso (1,1) ‘ Cs ( 37 ‘ 1 1 K
Cuc, (LN,) Cb(ﬂl o 1&A@> 1 1 KN,
Cunre, (1, ;) Co (n1354 o 1() N, 1/N, K
Cu, (N, 1) G4mg%Km) 1 1 KN,
Cunrts (N, 1) Ca (mNt, oK) N, /N, K
Citeses (N, NY) Cs (m, KNtNT) 1 1 KN,N,
Comres (Ni,Ny) | Co (m,, 5. KN N, 1/N, KN,
C orer (N, N @wmng NN, 1/N,N, K
mN
Clrirres (N Ny | G (mNtmﬁ Q K) N:N,/N 1/N¢N, K
N,
Cstbes (fvt‘. lVr) Co (mlvtfvre m;) : s I{> N, ]-/NtNr K

with | H||% = vazrl Zj\il |h1(-]’-€)|2. Thus, applying Lemmas 1
and 2 to (28), one can use fllf:lk('y) = fruu(@NiN,., BN, K)
and ff (7)) = frmae (@N:N;., 3, K) to further derive the lower
and upper bounds for the system capacity with the MRT/MRC
scheme, respectively. By comparing these conditional PDFs

with that of the SISO case, we reach

mN

02 <mNtNT7 T7K> SCnlrt—erSOZ(mNtNT7 %/K)

(29)
where Clort-mre 1S the system capacity achieved by the
MRT/MRC scheme with multiuser scheduling.

In the cases of SIMO (N; = 1) and MISO (N,. = 1), the
channel matrix is reduced to a rank-one vector. Under such
conditions, the achieved system capacity in (29) is equal to
the upper-bound expression, i.e., Cinre = C2(mN,.,m/Q, K)
for the receive MRC, and C,ry = Co(mNy, m /2, K) for the
transmit MRT, respectively.

C. ST/MRC Scheme

Here, we study a hybrid scheme, which implements the
ST at the transmitter and the MRC at the receiver over the
MIMO channel [2]. With the MRC method used at the re-
ceiver, the effective SNR at the kth user’s combiner output,
with respect to the jth transmit antenna, can be written as
Vi P, Zl 1 |h(k)| /o2 [1]. Similarly, the base station
gathers the effective SNR of all users and selects the target user
according to the following criterion:

k* = arg max argmaxzm(k) (30)

=1
Applying Lemma 1 to (30), we have fF (y) =
Frmax (@Ny, B, KN;) for the ST/MRC scheme. Accord-

ingly, the capacity of the multiuser scheduling system with the
ST/MRC scheme is described as follows:

Cotomee = Cy (mN KNt) G1)

Q 7

D. STBC Scheme

STBCs pertain to another category of antenna schemes to
provide antenna diversity gain without requiring prior channel
knowledge at the transmitter. In this paper, we focus on the
STBC with orthogonal structures, which was introduced in [5]
and developed more generally in [6]. Through coding over time
as well as transmit antennas, the orthogonal STBC technique
can also deliver full antenna diversity order by using simple
linear processing at the receiver. From [16] and [29], the effec-
tive SNR of user £ at the output of the STBC decoder is given by
= PN, N Zjvz*l |h§f) |?/02. Thus, the corresponding
selection rule for the base station scheduler is

N, N,

E* = = argmax —~- ZZ |h(k)

Ll]l

(32)

Again, applying Lemmas 1 and 2 to (32), we have f{f;k =
Frenax (0N Ny, BNy, K) for the STBC method. Consequently,
the capacity of the multiuser scheduling system with the orthog-
onal STBC can be expressed as
mN, t
— K.
oy

Ostbc = C(2 <mNtNT7

Notice that the system capacity achieved with joint multiuser
scheduling and the orthogonal STBC will, in general, be lower
than (33). The reason follows from the fact that only the STBCs
with full code rate can support the capacity promised by (33),
while the full code rate STBCs are available for a limited
number of transmit antennas and signal constellations [6].
Nevertheless, we still can use (33) to evaluate the impact of
applying the STBC scheme on top of the multiuser scheduling
system, since it represents an optimistic performance upper
bound.

(33)

E. Discussions

Table I summarizes the system capacity achieved with all the
aforementioned antenna diversity schemes in the considered
multiuser scheduling system. Comparing Cy; with Cy. and
Crort With Oy in Table I, one can find that the transmit and
receive diversity methods can achieve identical system capacity,
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provided that /V; in the MISO scheme is the same as [V, in the
SIMO scheme. However, the practical considerations for im-
plementing these antenna schemes in the multiuser scheduling
system are quite different. First of all, the transmit methods
have the potential advantage of relieving computation burdens
for user terminals. Moreover, the cost (benefit) of adding one
more antenna at the base station for the transmit methods can
be amortized (shared) by multiple users. Next, the transmit
methods generally require additional pilot signals, since the
receiver would rely on them to estimate the SNR from each
corresponding transmit antenna. Finally, the required amount
of signaling in the feedback channel is usually larger for the
transmit methods than the receive methods. For example, as
compared with the receive SC method, using the transmit ST
scheme requires the terminal to send back not only the SNR
of the strongest channel, but also the signaling to indicate the
best serving antenna. The transmit MRT scheme needs even a
larger amount of overheads in the feedback channel, because
the channel magnitude and phase for all transmit antennas are
mandatory for the base station to perform the MRT scheme
correctly.

V. CAPACITY REVISITED: CHANGE OF
COORDINATE PARAMETERS

So far, we have developed a unified capacity formula appli-
cable to the wireless system with joint antenna diversity and
multiuser scheduling. However, the closed-form expression (15)
for integer v and the approximate expression (22) for general o
may be too involved to clearly explain the interplay of multiuser
scheduling and different antenna diversity schemes. For this
reason, we further suggest a set of parameter transformations.

We first define the array gain a as

Py E[’Yk] _
Q

to account for the average increased level of received SNR,
mainly due to coherent combining relative to the SISO case [30].
Note that in (34), v ~ G(«, () is the effective receive SNR at
the combiner output for user k. Next, recall that the amount of
fading (AF) associated with the PDF of -y, is defined as [31]

a (34)

Dlwle

[ ]: Varh/k]
(Ely])?

where Var[y;] denotes the variance of ;. Following the def-
inition of (35), one can easily find that AF[y;] = 1/« for
Yk ~ G(a, #). The AF parameter can be viewed as a measure of
the severity of fading, and is independent of the mean power for
the Nakagami fading. Also, it can be a measure of the random-
ness of a random variable, namely, the higher the AF, the larger
spread the fading distribution [32]. From (35), we further define
the second parameter f, called the amount of fading gain, as

2 AF[’Yk]

(35)

f

(36)

m
(07

g

to capture the relative randomness of v, with respect to the SISO
case.
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In terms of array gain a, AF gain f, and the previously defined
selection order S, the system capacity then can be described by
these three parameters as

mom
Cs(a, f,8)=0C | =, —=,5|.
085 =Ca (55

Table I lists the values of a, f, and S corresponding to all the
considered antenna schemes. Next, we introduce Lemma 3 to
further derive an analytical capacity upper bound.

Lemma 3: Let Xq,...,Xgs be ii.d. random variables with

common mean £ and variance 02. Let Y = max{Xi,..., Xs}.
Then the mean of the random variable Y is upper bounded by

(S—1)o
V2S5 -1

Proof: See [27]. O
Applying Lemma 3 and Jensen’s inequality to (37), one can

obtain
(S-1) |f
1Jr\/2S—1' ED

144/ if]) , for large S. (39)
2m

Essentially, (39) provides a simple capacity upper bound for ef-
fectively assessing the performance improvements attributed to
fading characteristics, multiuser scheduling, and different an-
tenna diversity schemes in the multiuser MIMO system. Refer-
ring to (39) together with Table I, we can make the following
conjectures.

(37

E[Y] < p+ (38)

C3(a’7f7 S) < 10g2 <1 + a2

~ log, <1+aQ

1) The higher value of Nakagami fading parameter m brings
about a detrimental effect on the system capacity jointly
achieved by the scheduling algorithm (9) and all the con-
sidered antenna schemes.

2) The ST/SC scheme can further improve the capacity of
the multiuser scheduling system by amplifying multiuser
diversity order. If a system already has possessed large
selection order provided by inherent user population, it is
expected that the attainable capacity gain with the addi-
tional ST/SC scheme may be somewhat limited.

3) Although the MRT/MRC scheme reduces the amount of
fading gain, the combined effect of the increased array
gain and the reduced amount of fading gain can still yield
greater system capacity, as compared with the ST/SC
method.

4) Employing the STBC via N, transmit antennas can damp
the channel fluctuations as though the Nakagami fading
parameter changes from m to mN;, but without the sup-
plement of array gain. As a result, the STBC method may
cause a negative impact on the capacity of the multiuser
system with multiuser diversity. This is consistent with the
observations in [13] and [16].

These conjectures will be further validated in the next section
through numerical evaluations.

VI. NUMERICAL RESULTS

In this section, we give some numerical examples using the
derived unified capacity formula. The capacity result and the as-
sociated parameters are summarized in Table I, where (N, N,.)
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Fig. 3. Comparison of system capacity jointly achieved by multiuser
scheduling and different antenna schemes.
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Fig. 4. Impact of Nakagami-m channel fading on the attainable system
capacity with joint multiuser scheduling and antenna diversity schemes.

represents the MIMO system with [V, transmit antennas and NV,
receive antennas, and the superscripts « and [ stand for the upper
bound and the lower bound, respectively. In Figs. 3 and 4, we
let Q@ = 0 dB for numerical evaluations.

Fig. 3 compares the system capacity jointly achieved by mul-
tiuser scheduling and different antenna diversity schemes. One
can see that the system capacity increases as the number of users
K increases for Fig. 3(a)—(d). However, increasing the number
of transmit antennas for the STBC method could degrade the
capacity in the presence of multiuser scheduling (K > 2), as
shown in Fig. 3(d). Comparing Fig. 3(a)—(c), it is observed that
the MRT/MRC method provides the highest capacity. We note
that V; = N, is assumed for the ST/MRC case in Fig. 3(c).
For the ST/SC method, the marginal benefit of adding additional
antennas is more suppressed, as compared with the MRT/MRC
method, especially when K is large. When comparing the ca-
pacity performance of Fig. 3(a), (b), and (d) over the MISO
channel, we may interpret that the MRT schemes achieves the
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K=32, m=1
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Fig. 5. Impact of the operating mean SNR on the relative capacity gain, where

the relative capacity gain is defined as the ratio of the system capacity achieved
by joint multiuser scheduling and MIMO antenna schemes to that of &’ = 1
case.

highest capacity at the cost of the highest amount of feedback
overhead. On the contrary, in a system with restricted feedback
capability, applying the STBC method along with the traditional
round-robin scheduling appears to be a feasible solution. We
note that the comparison of the capacity results for the four dif-
ferent antenna schemes in Fig. 3 can be explained by using (39)
along with Table I in Section V.

Fig. 4 shows the impact of Nakagami-m channel fading on
the system capacity with joint multiuser scheduling and antenna
diversity schemes. In this example, we let K = 32. One can see
that the higher m causes a negative impact on the capacity for
all the studied antenna schemes. When m increases from one
to eight, the capacity drops 18.4% for the (4,1) MRT scheme,
37.7% for the (4,1) ST scheme, and 26.4% for the (4,1) STBC
scheme, respectively. This implies that the ST/SC scheme is
more sensitive to the condition of channel fading than the other
schemes.

Fig. 5 demonstrates the impact of the operating mean SNR
condition on the relative capacity gain. The relative capacity
gain in this figure is defined as the ratio of the system capacity
achieved by joint multiuser scheduling and MIMO antenna
schemes to that achieved by the single-user case with only the
same MIMO schemes. We note that the relative capacity gain
is a dimensionless ratio with respect to the capacity of K = 1.
We assume K = 32 and m = 1 in this example. As one can
see from Fig. 5, the considered scheduling technique tends
to bring about more relative capacity gain for the users with
smaller €2. This implies that the users at the cell boundary can
benefit more from the scheduling technique than those close
to the base station. This property is quite useful, because in a
system without downlink power control and soft handoff (such
as 1S-856), it is desirable to compensate the cell-edge users
with more relative capacity gain.
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VII. CONCLUSIONS

In this paper, we have presented an analytical framework
to investigate the capacity of wireless systems with joint an-
tenna diversity and multiuser scheduling. We derive a unified
capacity formula connecting K-fold multiuser diversity and
some MIMO antenna diversity schemes over Nakagami-m
fading channels. We further suggest three parameters: array
gain; amount of fading gain; and selection order to assess the
effect of applying different antenna diversity schemes on top
of the multiuser scheduling system in the Nakagami fading
channel. We also briefly discuss the system requirements for
implementing the different antenna schemes in the multiuser
scheduling system. The capacity results and related parameters
for all the considered antenna diversity schemes are tabulated
so that the tradeoff between performance and complexity can
be effectively compared in a unified view. The joint effect
of multiuser scheduling and the MIMO spatial multiplexing
technique will be for future investigations.

APPENDIX
DERIVATION OF (15)

For integer values of o, the PDF of (10) can be written as [33]

K—1k(a—1) K_1
P =gy 2 3 Ok
k=0 =0
_e—(k—‘,-l)ﬂ’y,y(y-i-i—l (40)

where the coefficient af is defined in (16). Substituting (40) to
(13) and using the integral identity [26]

,eﬂzw—nu

forn: 1,2,3,...

/ In(1 + t)e "¢ " dt =
J0

(41)
we get (42), shown at the top of the page. Note that in (41)

and (42), ¥(+, -) is another form of incomplete gamma function,
defined by
F(a,z) = / Tl tas = T(a) [1 - f(w)} . 43)
Finally, applyingxthe identity [22, eq. 6.5.19]
e LR
n=0,1,2,... (44

to (42), we obtain (15).
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